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*oduction

In reference [1], H.A. Lauwerier studies the behavior.

sjolutions of the following boundary value problem for the
"strip S : O xEw, O«xy:

2 .
1) Fyy + Fyy = q°F in s

ii) F(x,y)=+0 as y —»
A1) F(0,Y) = F(m,y) =0

iv) sinuw F, - cCOSM™ Fy = f(x) for y=0.

» q 1s real, and in most of the discussion O< u < 1/2.
lecler gilves a detalled analysils for g=0, showlng how to
tin the solution as a sine series, and describling its

‘lor at the corrers of S. He further relates the solution
a#0 to that for g=0 by an integral equation y +Ly=F with
sntinuous bounded kernel L(x,t), but does not investigate
solvability of the equatlon. In this note 1t 1s shown
. for the values of g and # considered, the integral

tion always has a unlque solution. We flrst indlcate
problem (0) leads to the integral equation, then show
solvability of the integral equation, and finally indicate
consequences for the existence and uniqueness of solutions
roblem (0). It is inter sting to note that a solution is
ys unlque, but that 1f qeﬁ wn2 there 1s no solution unless
f in (0,1iv) is orthogonal to a certain set of n linearly
pendent functions; this is the result of Theorem 2. In

 condition (0,11) is relaxed, there 1s the related but
. complete result of Theorem 3.

Reduction to an Integral equation

Our approach rests on an analysis of the eigenvalues
‘he homogeneous problem




1) Fyy + Fyy = AF 1nS
T
11) 1m [ r(x,y)|dx = 0
J—=00 ©

ii) F(O,y) = F(m,y) = 0 for y >0

Y
iv) 1lim J/!sinfwﬁ F (x,y) - cos u% F (x,y)ldx = 0.

y-=0 o v
requlred to be twice continuously differentiable 1n S.
This problem 1s amenable to separation, as indicated in

rence [1] . For y>0 F has a sine serles ) B (y)sin nx,
Bn(Y) = % M‘F(x,y) sin nx dx. Differentiating under

integral, © applying (1,1), and integrating by parts

ds B," = (\+n®)B_, while (1,11) ylelds B (®) = 0. Thus

-0 if 'h+n2§ 0, and Bn(y) = %’bn exp(-y/2a+n“y) otherwise;
the root is to be taken with positive real part. Thus

solution of (1,1)-{1,1i1) can be written

. - A
F(x,y) = zzi(bn/n)sin nx e rlany, § -

e z:* is the sum over all nz 1 such that ‘A+n2

% is defined by

is not 5 O,

2 - =2 .
« " =1 +An"", Real(@n)>-0. &o

In order to relate the condition (1,iv) to the integral
tion in question, we introduce the followling expansions
operators:

w(x) = gfbn sin(nx+ )

—
Ag(x) =) b & sin(nx+ ww)

Lg(x) = }j*(an"q-ﬂ)bn sin um cos nx.

formally

Sin/ﬂﬂfFX(X,O) - CcOS M7 Fy(x,o) =A¢ + LAg .
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rding to reference [1] , the coefficients in the
1) can be calculated by

‘T
b =% !@(t)kn(t)dt,

:n} is an appropviate system of functions biorthogonal
ect to {sin(nx+/ym )} . Further, !kn(t)lg 2+4sin wre ;
satisfiles a Hlder condition ¢ (x)- @(x')|s oix-—x"‘}l
c, 0< <1, it 1s shown that

b, = -a, e (-24) +a, (formula 2.23 in [1] )
1 (7, t\1-2u
ao = -TEE{ (tg 'é') /”(‘?’)(t)dt
a, = O(n™1734)
en - O(ng/u‘ _1)’

ct en(m) is defined by
(1+2)* (1-z)"% = z: e (x)z"

- formulas (6) and?é8) it follows that L is an inte-
ator Ly (x) = = [ L(x,t) ¢(t)dt, with L(x,t) =
Ezﬂian“1-1)cos ng kn(t). To see that this agrees
kernel L(x,t) given in reference [1], formula 5.13,
la 1.16 of [1] with A=q".
bserve that, since lcos nx - cos nx'lg Zq’lnﬁx—xﬂl
$1, and o« " '-1= 0(n"?), the kernel L(x,t) satis-
lder condition for /’<'1, iL(x,t)—L(x',t)I: c‘x—x'i!,
dependent of t. Thus if ¢ 1s integrable, then Lg
a Holder condition. We can show further that ¢
a HBlder condition if and only if Ay does. For

to (5) Ap =¢ +K¢ , where K is the operator with




A

kernel K(x,t) = z:”(ﬁn~1)sin(nx+/%ﬁ3kn(t)- %;% n
which can be shown to satisfy a H&lder condition in the same way
as L(x,t); since Ag -¢ 1s always HBlder contilnuous,¢ 1is HBlder

9

sin(nxtﬁﬁﬁknﬁﬂ,

continuous 1f and only if Ay  is.

8§ 2. Assumption of boundary values

In order to investigate ¢ +Ly =f in connection with (1),
we need the following result.

Theorem 1. Let ¢ (x) be HB8lder continuous, the b, be
defined by (8), and F be defined by (2). Then, as y-~0, we have
F(x,y)=F(x,0) uniformly in O <x s+ , and Fx(x,y) and Fy(x,y)

T e s
converge in LP(O;mﬁ to ¢ b _cos nx and - bnunsin nx res-

n
pectively, for p<1/2 4.

Proof. Since (9) and (10) yield E:ﬁgbng/n<:a>, the
uniformity of F(x,y)-=F(x,0) is clear. As for Fy(x,y) we can
Nrite it as

s

o)
— 5 . -ny y -ny
Fy(x,y) = a_ %m e (-2 4)sin nx e -a %ﬁ;_??n(—gjgsintnce
s B ~nany -n
+ aozw,en(-aﬁ@)sin nx(&ne ~e ")
, -noy
- ?:ﬁgnan sin nx e =

3ince a, = @(n-’l-2/g,g

o

), XZM converges uniformly to its boundary

ralue; and since for Oty =1, e (—Qfg)(ane'N&nxe'ny) =g3(naﬂm2)’

n
2:3 also converges uniformly; while gig is a finite sum. To

Ry,

sreat L..q We write r for e"y, and find by taking the imaglnary

>art of formula (11) that 2?1 is the Abel mean f(r,x) of the
dd function f£(1,x) defined for Osx £7 by £(1,x) =

= -8 sin¢MJ%(tg %)2}& . It follows from a familiar result
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in Fourier series (reference [2] , p.87) that as y—=0, P
converges in F to a, z-e (-24)sin nx for p<1/2u, since
£(1,x) is in ¥ for these values of p. A similar treatment
yields the same result for FX.

§ 3. Solvability of ¢+ Lo = f

Establishing the solvability of ¢ + Lg = for arbitrary
f 1s equivalent to showing that ¢+ L¢ = 0 has no solution
but ¢=0, because of the familiar Fredholm alternative.
Suppose then that ¢ +L¢ =0 for some ¢ in L1. As we have
seen, © satisfles a H6lder condition, so that it has the
expansion (4) with coefficients given by (8), and yields
the solution (2) of problem (1). Condition (1,iv) follows
formally from (7), and strictly from Theorem 1.

Form now, for y»> O, the function

>
“d

(y) =f (FF + F.F )dx
. vy Ty

;m§:*lbnl2n-1 Real(a Jexp(-2y Real(ne )),

where F* is the complex conjugate of F. Since for the
values of n occurring in E:*, Real (un)> O, we can complete
the proof by showing I(y)-=0 as y-+0, as follows. From
I(y)—0 we conclude that b_=0 if n°+% is not £ 0, so
L =§:wﬂxn~1~1)bn sin 47 cos nx = 0. Since ¢ +L¢ =0, we
have ¢ =0.

To show I(y)—s O, note first that for y> 0O an inte-
gration by parts yields

b
% W
6’/ (FFS +F"F )dx = 0.
- " .
Thus cos wm I(y) = yf (cos;ﬁijy - sin uw Fx) F dx
0

+ g (cos wm Fy - sin u® F_) F dx.

3ince F 1s bounded and the terms in parentheses converge to
zero in L' (by Theorem 1), it follows that lim I(y) = O.
This completes the proof that ¢ +Ly =0 has yeroOnon-zer-o

solution.
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Since @+L¢ =f has a unique solution for every f,

there 1s a uniquely defined operator (I+L)"1.

8 4. Application to the inhomogeneous problem

We turn now to the original problem (0), with qu'h.
Conditions (O,%}) and (0,iv) are to be Interpreted respective-

ly as 1im  J |P(x,y)|[dx = 0 and 1im [ |singax F,(%,7)
CYe—00 O y=+0 0 '

- COS AT Fy(x,y) - f(x)ldx = 0. The sequence gkh(x)} 1s bi-
orthogonal to {sin(nx+/ﬁﬁ)}.

Theorem 2. (1) Any solution of (0) is unique;

11) (I+L)'1[sin/xm Fx(x,y)-COS/wm Fy(x,y)}is orthogonal
to kn(x) for each n°s - ;

111) if f is H6lder continuous and (I+L)”'f is orthogonal

to k  for n°s - A, then there is a solution of (0).

Proof.
— 6. 4 -y
i1) Let F(x,y) =2 b n” 'sin nx e be an arbitrary

solution of (0,1)-(0,iii). The formula
-1 _— -ny
(12) (I+L) [sin/ym F -cos i ij==2; o b _sin(nx+4T)e
can be checked by applying I+L to both sides.
It follows immediately that (I+L)”'[sinum F_-cosus F 1 1s

orthogonal to kn(x) if n does not occur in z:* , 1.e. if

neg -A.

1) From formula (12) we get for n° not o - that b 1is

uniquely determined by b = (“ﬁﬁ )“/I lim Qj k. (x)(I+L)" =1
Y e O
sin/uﬂ F —cos;&w F jdx, hence F is unique.

i1) If (I+L)” ul f is orthogonal to the appropriate k

then (I+‘-L)'/I =2 Cn sin(nx+4m). Setting bn—cnﬁxn and
defining F by formula (2), we obtain the solution of (0).
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Thus a unique solution exists for every f unless A £-1;
e if % % -N° the solution is still unique, but exists if
only 1if f 1s orthogonal to a certain set of N functions,
1y Kk,,...,Kk, where K is the adjoint of (I+L)” .

A weaker condition at o

It 1s interesting to see what the analog of Theorem 2
mes 1f the condition at oo 1s weakened, i.e. if we con-
r the problem

i) Foyx * Fyy =»F in S

i1) %f”jF(x,y)!dx bounded for 0<¢y~« o
o

11) F(0,y) = F(w,y) = 0 for y>0

¥

iv) 1im fd

] sin,MM‘Fx(x,y)-cosﬁ&%’F (x,y)-gldax = 0.
y [P O 0 y

For this our results are not as explicit as for (0),
clearly indicate the relative strengthening of existence
weakening of uniqueness that is to be expected. We con-
r only » s -1, since otherwise (13) and (0) are equivalent.

A Let N,l = the number of solutions of the homo-
ous problem (13) (g=0), and N,_the number of conditions
2 fulfilled by g in order for a solution to exist. Then
=N
2 L]

Theorem 3. Let A2 -1, and N be the greatest integer such

Proof. We consider the case that -7 = (N+1)2; 1f -2 1is
3 square the proof 1s quite similar but somewhat simpler.
nethod is to reduce problem (13) to problem (0) by sub-
ting the new solutions, which are bounded but do not

sh at oo.
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1> N+1 let & = (1+7\n—2)1/2, and for nsN let

(-1—'An'2)1/2. Then the general solution of (13,1) -

111) 1s F(x,y) = §§fn sin nx(c cos n g y+d sin n g v)
- -1

k1) CN+1sin(N+1)x + Ef b _n

- %i . Let Pl p(2) Lign p(2) o5 bnn‘

Le§+§ (x) = sin m‘F(q)(x 0)-cos AT’F(q)(x 0). Then
1 - M x V&0 s v il i

is a solution of problem (0) with f=g-f,. According
ieorem 2 this 1s possible if and only if (I+L)‘1(g—f1)
thogonal to k for n2N+1, i.e. if and only if

1 —j’k (I+L) g for 12 nsN+1. Since

%
sin nx e n‘ny, where now
1sin nx e s

I+L)T'f
I+1
ccos nx + zmpn ,5in nx, £, ranges over a 2N+

1

1Qional space, dnd the problem (13) 1s equivalent to
.ng N+1 equatlons in 2N+1 unknowns,from which the con-
.on follows.
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